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For a,,, > a(*) > . . . > a,,, > 0, b(,, > b,,, > ... > b,,, > 0, the ordered values of 
ai, bi, i = 1, 2 ,..., n, M fixed, VI < n, and p > 1 it is shown that 
where l/p + l/q = 1, b,, = bti, + bci+,, + ... + b(,,, and k is the integer such that 
b w-,~ 2bbl,d(k + 1) and bk, < b,m-k+,I /k. The inequality is shown to be 
sharp. When p < 1 and a,!,‘~ are in increasing order then the inequality is reversed. 
1. INTRODUCTION 
Since its publication in 1889 HGlder’s classical inequality has been widely 
used, variously studied and generalized in a few ways, e.g., see Beckenbach 
[ 1,2], Beckenbach and Bellman [3] and Mitrinovic [S]. If a, > 0, bi > 0, for 
i = 1, 2,..., n, and l/p + l/q = 1 with p > 1, then the basic inequality due to 
HGlder states that 
l$,aibiG (i~,a~)“p(~~b~)l’q~ 
with equality if, and only if, 
(l-1) 
(g&+;= (~lbr)-‘~: (l-2) 
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for j = 1, 2,..., n, i.e., if, and only if, up = cbg , j = 1, 2 ,..., n for some c. The 
inequality is reversed for p < 1 (p # 0), provided that for p < 0, we assume 
ai, bi > 0. In this note we give an extension of (1.1) by considering partial 
sums in the right-hand side of (1.1). 
2. THE MAIN RESULT 
The main objective of this paper is to establish the least upper bound on 
the sum C:aibi subject to C’:a$, = 1, where p> 1, m < n and 
U(l) a q,, > *** > a(,, denote the ordered values of the nonnegative a,‘~. 
However, in view of the obvious relation 2: Uibi < 2: U(i)b~i,, bo, being the 
ordered bts, we can streamline the notation by starting with 
u,>u,>.** >a,>0 and b,>b,>... > b, > 0. The maximum of Cy u,b, 
subject to C’: a; = 1 then depends upon b, + b,, , + ..a + b,. A property 
and the role of this tail sum in the present context are given in the following 
two lemmas. The extension of Holder’s inequality (1.1) is presented in 
Theorem 2.3. 
LEMMA 2.1. For any n ordered nonnegative real numbers 
b,>b,>... > b, > 0 and m < n there exists an integer k, 0 < k < m - I, 
such that 
bwk, b ~ m-k-l> k+ 1 
b 
and b,-, < ‘m-k+‘1, 
k (2.1) 
where b,, denotes the tail sum bj + bj+, + ... + b,, and b,, b,,, are defined 
suitably. 
Proof. Let 
P,+I=(l+l)b,-,-,-b,-r-~~.-b,-~, (2.2) 
1 = 0, l,..., m - 2 and /3, = co. Then the lemma claims existence of an integer 
k satisfying (2.1), or equivalently, 
(2.3) 
This is true because b[,,,] > 0 and 
p,,, -P,= (I+ l)(b,-l-, -LA (2.4 > 
i.e., PI is nondecreasing with Pi = 0, P, = 00. 
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LEMMA 2.2. Given b,>b,>...>b,>O,p> 1 and m<n 
where fm-k = C~=~“-’ aibi + am-kblm-kl, k = 0, 1, 2 ,..., (m - l), Sk = 
(ala,~a,~.~.~aa,_,=a,_,+,=~~.=a,, x7-“-‘aj’+(k+ l)a”,-, 
= 1 }, and k is as given in Lemma 2.1. 
Proof. If k > 1, i.e., bIml > b,,-,, then fix a,, a, ,..., a,-, 2 0 and 
considerf, = Cy-’ sib, + a, b,,, , as a function of a, _ 1. Over S,, we have 
%?I -EL i”\;‘aib,+ (1- $laj’)l’pb,m,/ 
aa m-1 %-1 T 
P-l 
b[m, < 0, (2.6) 
as b,-, <b,,,, a m- 1 > a, and p > 1. Hence the maximum of f, occurs 
when a,-, = a,. That is, if k > 1, 
If k > 2, i.e., b,-, < b,, _ ,,/2, then fix a,, a, ,..., a, _ 3 > 0 and consider 
f,- 1 as a function of a, _ z. Again, as above, over S, 
m-2 - 
since a m-2 2 am-19 bm-2 < b,, _ ,,/2 and p > 1. Hence f, _ I is a decreasing 
function of arnm2 and attains its maximum over S I when a, _ z = am _ I . That 
is, when k > 2, Max,,f,- 1 = Max,Jm-, . Clearly, the process can be 
continued by increasing k one unit at a time, and it stops when b,-,- L > 
blm-kl/(k + 1 ), i.e., when k is as given by Lemma 2.1. 
THEOREM 2.3. Let a,>a,>.~.>a,,>O, b,>b,>.~~>b,>O, p> 1 
and m < n. Then we have the following sharp inequality: 
where k is as given in Lemma 2.1 and l/q = 1 - l/p. 
Proof. We have 
f aibi < mf’ ajbi + a, bIml, 
1 1 
(2.8) 
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with equality if a,,, = a,,, = ..a = a,,. Hence the inequality (2.7) and its 
sharpness may be established by maximizing x7- ’ a,b, + amb,,] w.r.t. 
a,,a, ,..., a,,, subject to a, >a, > ... >a, 2 0, and 2’: a! = 1. But, by 
Lemma 2.2, for given b, > b, > . . . > b, > 0, this is equivalent o maximizing 
f = ~~=;“-’ aibi + am-kbL,-k] subject to a, > a2 > -.a > am-k > 0, and 
C~-“-‘ap+ (k+ l)asek= 1. 
We proceed by considering the same maximization problem but without 
the inequality constraints, a, > a2 > .-a > a,,, -k on the nonnegative ai’s, in 
terms of 
m-k-l 
L = x aibi + am-k b[,,-kl 
i=l 
i 
m-k-l 
-A T ag+(k+l)ai-k 7 
I 
where 1 is the Lagrangian multiplier. Thus we have equations 
O=~=bi--(Lp)a~-‘, 
i 
i = 1, 2,..., m-k- 1, and 
(2.9) 
(2.10) 
o=$=blmk,-(irp)(k+ l)a”,-_:, 
m-k 
as the necessary conditions for a local stationary point off over the larger 
region 
m-k-l 
s a;+(k+ l)a”,ek<l . 
I I 
(2.11) 
Now note that the Lagrangian multiplier method yields a point at which 
the level surface of the linear objective function is a tangent o the constraint 
set, which in the present case is the convex body Tk. Hence at this point the 
objective function provides a supporting hyperplane. The stationary point is 
therefore either a minimum or a maximum. It is clearly not a minimum, as 
the minimum of the nonnegative objective function is attained at a = 0 within 
Tk. Hence the solution of (2.10) is the global maximum off over Tk. 
But we know that 
by 24 > **’ > b,,-k-, > b,m~kl,~k+,,, (2.12) 
AN EXTENSION OF HijLDER'S INEQUALITY 439 
and, from (2.10), that 
i = 1,2 ,..., m - k - 1, 
a m-k = 
bI,-,& + 1) “’ 
AP 1 . 
(2.13) 
Hencea,~a*~...~a,_,_,~a m-k > 0, and therefore the unique solution 
of (2.10) is also the global maximum off over the restricted set Sk. 
Now using C yek-i a? + (k + 1) aLek = 1 with (2.13) we get 
(2.14) 
Substituting this we get 
where the equality occurs when k is given by Lemma 2.1, and a:s satisfy 
al>a,>,+.. >am-k=am-k-, =...=a,, and (2.13), (2.14). 
3. REVERSAL OF THE EXTENDED INEQUALITY 
It is well known that the Holder’s inequality (1.1) is reversed ifp < 1, e.g., 
see Beckenbach and Bellman [3]. Analogous assertion for its extension, as 
given in Theorem 2 . 3, holds provided that we consider partial sums of the 
powers of m smallest, and not the m largest, ais. Thus the objective, in this 
section, is to verify the greatest lower bound on the sum C: a,b, subject to 
C’:$‘i, = 1, where p < 1, m <n and 0 <a,,, <a(,, < ..a <a,,, are the 
ordered values of the positive real numbers ai, i = 1, 2,..., n. However, as 
before, noting the obvious relation C:aibi > ,JJ: a,,, bCi,, where 
b(,, > b(,, > -.- > b,, > 0 are ordered in the same manner as before, we can 
economize on the notation. Hence let us start with 2n positive real numbers 
O<a,<a,<... <a,, and b,>b,>... > b, > 0. The minimum value of the 
sum Cyaibi subject to Cyaf = 1, p < 1, m < n, then depends upon the tail 
sum b cm~=bm+L+~+ . . . + b, . It evidently satisfies Lemma 2.1; but its 
role in the present context is given in Lemma 3.1. The analogue of Theorem 
2 . 3 for p < 1 is summarized in Theorem 3 a 2. 
LEMMA 3.1. Given b,>b,>... >b,>O,p< 1 andm<n, 
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where fm-k=CT-k-‘Uibi+a,-kbl,-k,, Sk={a10 <a,<a,< ... < 
a m-k = a ,,-k+l=“‘=an9 and C T-“-‘ay+(k+ l)aP,-,= l}, and k is as 
given in Lemma 2.1. 
THEOREM 3.2. Let O<a,<a,<...<a,, b,>b,>...>b,>b,>O, 
p < 1 and m < n. Then we have the following sharp inequality: 
where k is as given in Lemma 2.1, and l/q = 1 - l/p. 
Remarks on the Proofs. The proofs of Lemma 3.1 and Theorem 3 . 2 
follow along the lines of the proofs of Lemma 2.2 and Theorem 2 . 3, respec- 
tively, with obvious modifications. Thus in establishing the equivalence of 
the two minima in (3.1) one proceeds sequentially as in the case of proving 
the equality of the two maxima in (2.5). We note that the steps such as (2.6) 
still remain valid because the exponent (p - 1) and the difference 
(a,-, - a,) simultaneously change sign. In mimicking the proof of Theorem 
2 . 3 in order to confirm Theorem 3 . 2 it is necessary to consider two cases, 
viz., 0 <p < 1 and p < 0, separately. In both cases, Lemma 3.1 reduces 
the problem to that of minimizing the objective function 
~~-“-’ aibi f urn-k b[,-kI. In the case 0 <p < 1 the minimization is over 
uk = (alCyPk-’ a+‘+ (k + l)a”,-k > l}, whereas, in the case of p < 0, it is 
over Tk as defined at (2.11). Both minimization problems can be solved as 
earlier using the method of Lagrangian multipliers. However, it may be noted 
that the convex bodies to which the objective function provides supporting 
hyperplanes are noncompact. But, in each case the obvious supremum is at 
infinity, so that the point found by Lagrange multiplier is concluded to be 
the global minimum. 
4. SPECIAL CASES AND REMARKS 
1. An aesthetically more pleasing and somewhat enlightening expression 
of the extended Holder’s inequality stated in Theorem 2 . 3 is 
IlP m-k-l 
i \‘ 
I 7 
b~+(k+l)(+=$ji(“‘. (4.1) 
If p < 1, as in Theorem 3 . 2, the inequality is reversed. 
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2. The case p = 1 can be readily derived from (4.1). Thus, for 
a,>a,>...>a,>O, b, > b, > ..a > b,,pk-, > b,,-/&k + 1) and 
k<m- 1, we have 
m-k-1 
\ \- 
1 f 
(k+l), 
Hence, for k < m - 1, we have 
blm-kl f’ a 
k+l f 
.,+,<~a,b,<b,~ai. 
1 I 
If k = m - 1, the lower bound on C aibi in (4.3) still holds, but the upper 
inequality is replaced by 
(4.4) 
3. Taking the limit as p + 0 in Theorem 3 . 2, i.e., for 0 < a, < 
a2 ,< ..a ~a,,b,~b,~b,~...>,b,>O,weget 
$a,b,>m !~ai!“m!(~~k’lm~~~‘bi~l’m. (4.5) 
4. With p = 2 in Theorem 2 . 3 we get an extension of Cauchy-Schwarz 
inequality. 
5. It may be noted that the inequalities in Theorem 2 . 3 and Theorem 
3 . 2 remain valid for any value of k smaller than that given by Lemma 2.1. 
However, the bounds are sharp for the largest possible value of k. 
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